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Historical Background

Most students are familiar  with the Pythagorean 
Theorem by the time they finish high school 
geometry.

The sum of the area of the 
squares on the legs of a right 
triangle is equal to the area of 
the square on the hypotenuse.

Pythagoras
Greek Philosopher
& Mathematician
 570  ~  495 BC

Pythagorean Triples are any three integers that satisfy  x2 + y2 = z2.

Some examples are:   (3, 4, 5)     (5, 12, 13)     (7, 24, 25)     (8, 15, 17)  

x  =  a2  b⎯ 2
y  =  2ab

z  =  a2 + b2

Diophantus and Euclid showed that
for any given integers  a  and  b,  
Pythagorean triples may be formed 
as follows:

Euclid
Greek  Mathematician

 323  ~  283 BC



Diophantus of Alexandria
200  ~  284 AD

Historical Background

Diophantus is known for his book Arithmetica, one 
of 13 books on mathematics,  6 of which were lost, 
and 4 of which surfaced in 1968 in Arabic 
translations in Iran.

Arithmetica covers the solution of algebraic 
equations over the numbers understood at that 
time:  the non-zero, positive rationals.

The term Diophantine equations is used for 
polynomial equations to which rational or 
integer solutions are sought.

Examples of Some
Diophantine Equations

ax + by  =  1
x2 + y2   =  z2
x2  ny2 ⎯  = ±1

Pierre de Fermat
French Mathematician

1607 - 1665

In 1637, Fermat was reading problem II.8 
page 84 in his copy of the Arithmetica, 
(how to split a given square rational 
number into two other square rationals), 
when he generalized the concept of the 
sum of two squares equaling a third square 
to powers beyond 2:

In 1621 Diophantus’ Arithmetica was 
first translated from Greek to Latin.

Fermat’s Last Theorem
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This copy is currently for 
sale at Sophia Rare Books 
in Denmark for €22,000 
($28,500).

This is one of  the first
editions (1621) of Diophantus’
Arithmetica, translated from 
Greek into Latin.



Cubum autem in duos cubos, aut 
quadratoquadratum in duos 
quadratoquadratos, et generaliter nullam in 
infinitum ultra quadratum potestatem in 
duos eiusdem nominis fas est dividere cuius 
rei demonstrationem mirabilem sane 
detexi. Hanc marginis exiguitas non 
caperet.

(Latin)

It is impossible to separate a cube into two 
cubes, or a fourth power into two fourth 
powers, or in general, any power higher 
than the second, into two like powers.  I 
have discovered a truly marvelous proof of 
this, which this margin is too narrow to 
contain.

(English)

Using the method of infinite descent, Fermat gave a proof of the 

special case  x4 + y4 ≠ z4,  but he never gave a proof for the 

general case xn + yn ≠ zn for  n > 2.

Fermat’s Last Theorem

Instead, he made the following notation in Latin on page 84 of his 
copy of Arithmetica:



(This is the actual 
positioning of the text 
on page 85, which 
shows quite a large 
right margin.)

Page 85 of the 1621 
edition is where 
Fermat proposed his 
"Last Theorem" for 
which the margin 
was too small to 
contain the proof.



After Fermat's death in 1665, his son, Clément-Samuel Fermat, 
used his father’s first edition to produce another edition (1670) 
of Diophantus’ Arithmetica in which Samuel included his 
father's marginal notes that annotated the first edition.

Fermat challenged other mathematicians such as Mersenne, Pascal, 

and Wallis to prove the special cases  x3 + y3 ≠ z3 and x4 + y4 ≠ z4.

Fermat’s Last Theorem

Fermat’s Burial Plaque in Jean Jaurés, France



This 1670 edition of 
Diophantus’ Arithmetica 
includes Fermat’s comments 
on his Last Theorem.



Fermat’s Last Theorem

Fermat’s note that he had a proof for  xn + yn  ≠  zn  n > 2, but that the 
margin was too small to contain it, was an intriguing tease for 
mathematicians for more than three centuries.

The theorem’s statement was easy to understand, but those who attempted 
to reconstruct Fermat’s supposed proof were unsuccessful.

(Most mathematicians believe that Fermat was mistaken in thinking that he 
had a proof.)

I had always wanted to see a copy of Fermat’s note in the margin, but failing 
to find anything online, I googled “Fermat’s Museum” in hopes that such a 
museum existed and could answer some of my questions.

Fermat’s Museum is formerly his birthplace (1607) in Beaumont-de-
Lomagne, southwestern France.





Andrew Wiles
1953 ⎯

British Mathematician

Fermat’s note in the margin became known as his Last Theorem, 
because it was the last of Fermat’s asserted theorems to remain 
unproven.

Finally, after 7 years and several false starts, Andrew Wiles published a 
proof to Fermat’s Last Theorem  in 1995 in a special volume of the 
Annals of Mathematics, 358 years after Fermat first proposed it.

Some have claimed Fermat’s Last Theorem as the most important 
theorem in mathematics  not because of any important application  ⎯ ⎯
but because it has inspired more research opening up new areas of 
mathematics than any other theorem.

Fermat’s Last Theorem





Before proving Tom & Ken’s Last Theorem, we next give a 
brief overview of the hyperoperation sequence, which will 
explain the analogy between Tom & Ken’s Last Theorem and 
Fermat’s Last Theorem:

Fermat’s Last Theorem

x↑n  +  y↑n   ≠   z↑n    n > 2    

x↑↑n  +  y↑↑n   ≠  z↑↑n   n ≥ 2    
Ken & Tom’s Last Theorem

exponentiation
operators

tetration
operators

Because the tetration operator is not as 
common as the usual set of arithmetic 
operators, we will illustrate tetration’s 
ranking and definition in the following 
hierarchy of operations:

0  incrementation, 
1  addition, 
2  multiplication,
3  exponentiation,
              ⋮

II.  Brief Overview of the Hyperoperation Sequence



II.  Brief Overview of the Hyperoperation Sequence

The hyperoperation sequence is an infinite sequence of 
mathematical operations starting with the simple basic 
operation of incrementing by one; followed by the well known 
operations of addition, multiplication, exponentiation; and 
continuing indefinitely with the hyperoperations of tetration, 
pentation, etc. Here is an enumeration of the first five operations:

4    ↑↑    Tetration:               a↑↑b  ≡  a↑a↑⋯↑a 
(a↑↑b denotes exponentiating a, b times.)

Rank

0  ’      Incrementation:     a’   ≡   a+1       
                    (the basis operation of incrementing by 1)

1  +      Addition:             a+b  ≡  ((a’)⋯)’ 
(a+b denotes incrementing a, b times.)

2    ⨯      Multiplication:       a⨯b  ≡  a+a+⋯+a

(a⨯b denotes adding a, b times.)

3    ↑      Exponentiation:     a↑b   ≡  a⨯a⨯⋯⨯a  
(a↑b denotes multiplying a, b times.)

In 1947, R. L. Goodstein coined terms for 
the operations beyond exponentiation.

Reuben Louis Goodstein
1912-1985

British Mathematician
( Student of Littlewood & 

Wittgenstein )

 4     ↑↑                Tetration
 5     ↑↑↑              Pentation
 6     ↑↑↑↑            Hexation
 7     ↑↑↑↑↑          Septation
 8     ↑↑↑↑↑↑        Octation
 9     ↑↑↑↑↑↑↑      Nonation
 10    ↑↑↑↑↑↑↑↑    Decation
                ⋮ ⋮        ⋮

The prefixes of these terms are the Greek 
numbers for the rank of the operation, and 
the suffix “ation” is Latin for “action:”



II.  Brief Overview of the Hyperoperation Sequence

 0     ′                   Incrementation
 1     +                  Addition
 2     x                  Multiplication
 3     ↑                  Exponentiation
 4     ↑↑                Tetration
 5     ↑↑↑              Pentation
 6     ↑↑↑↑            Hexation
 7     ↑↑↑↑↑          Septation
 8     ↑↑↑↑↑↑        Octation
 9     ↑↑↑↑↑↑↑      Nonation
 10    ↑↑↑↑↑↑↑↑    Decation
                ⋮ ⋮        ⋮

Hyperoperation  Sequence

Rather than using long strings of up-arrows, Donald Knuth 
has given a better notation:

Donald Knuth
1938 ⎯

U.S. Computer Scientist

↑r   denotes  r  repetitions of the up-arrow operator.

A recursive definition for a hyperoperation is then more easily 
expressed as:

a↑r b  =

1          if  b = 0

ab          if  r = 1

a↑r-1(a↑r(b-1))    otherwise,    a, b  ∊  ≥ 0 ℤ

There are other recursive definitions that realize the hyperoperations, 
the earliest of which is Ackermann’s Function (1928):



II.  Brief Overview of the Hyperoperation Sequence
To get a feel for how the hyperoperations build on previous 
hyperoperations, we apply them to some small integers:

Level Operation Example

0 Incrementation                              2′    =          3

1 Addition                                    2′′′  =  2 + 3  =          5

2 Multiplication        2 + 2 + 2  =  2 x 3  =          6

3 Exponentiation     2 x 2 x 2  =  2 ↑ 3  =          8

4 Tetration               2 ↑ 2 ↑ 2  =  2 ↑↑ 3  =        16

⋮                  ⋮                                    ⋮
Notice how the results increase in size. 

5 Pentation         2 ↑↑ 2 ↑↑ 2  =  2 ↑↑↑ 3  =  65536

Even for tetration, it doesn’t take very 
large integers before overwhelming the 
capabilities of electronic computers.

Nicholas Streifling
Computer Science

Senior, WWU

I gave one of our computer science 
majors, Nicholas Streifling, the task of 
seeing how far  x↑↑3  could be exactly 
computed using the multiprecision 
capabilities of the computer language, 
Lisp: (DEFUN tet3(x) (expt x (expt x x)))

Results:

The following slide shows 
the first of  4+  pages of 
output for 7↑↑3 .    

1131
11 ==↑↑

162232 422 ===↑↑
484,987,7,625,5973333 2733 ===↑↑

15425644 1.34x104434 ===↑↑
2184312555 1.91x105535 ===↑↑

integerdigit   36,306636
66 ==↑↑

integerdigit   695,975737
77 ==↑↑



Magnification of the top ¼-by-¼ square inch of 
2-point Arial font (=66 digits per lineal inch).

Altogether, the output for 7↑↑3  completely 
filled four, 8.5”x11” pages with almost 696,000 
digits of font size 2.  There was some spillover 
on a fifth page.

continues for

3+ more pages



II.  Brief Overview of the Hyperoperation Sequence

When Nicholas went to compute  8↑↑3 , the Lisp interpreter bogged 
down using swap space, so he switched to using a programming 
language called Racket, which is the newest language in the 
Lisp/Scheme Family of functional programming languages. 

In 39 milliseconds on a dual-core, 2.4 gigahertz machine with 4 
gigabytes of RAM and 4 gigabytes of swap space, 8↑↑3 was exactly 
computed.  

We did not waste trees in  printing out this number!  (Using 2-point 
Arial font, it would have consumed 88 pages!)

Note:  Since 

in base two notation, it is simply 1  followed by over 50 million zeroes.

“Finite numbers can be really enormous. 
  By comparison the known universe is 
very small.

“The infinite we shall do right away.
The finite may take a little  
longer.” – Stanislaw M. Ulam

(said many times during his 
lectures)

Therefore the distinction between finite and infinite 
is not as 
relevant as the distinction between realistic and 
unrealistic.”

– Donald M. Knuth
(in his first publication on the up-arrow 
notation)

It took 5½ minutes to convert it to 15,151,336 decimal digits!

50,331,648

16,777,2163

16,777,21688

2

2(

8838

=

=

==↑↑

)



III.  Proof of  Tom & Ken’s Last Theorem
The super-exponential growth of tetrated successive integers is the 
key to formulating a proof that no two tetrated integers will sum to 
another tetrated integer.

In fact, they grow so fast that any tetrated integer is larger than the 
sum of all tetrated consecutive positive integers less than it:

1↑↑n + 2↑↑n + 3↑↑n +  + (z-1)⋯ ↑↑n  <   z↑↑n    n≥2

For example, this is 
easily seen for the partial 
sums when  n = 2 :

1↑↑2 + 2↑↑2  <  3↑↑2

1 + 4  <  27

The proof of this is by induction on the tetration exponent  n,  
where the proof for the basis (n=2) is done by contradiction.

Outline of Proof

The proof for the inductive step is similarly done by contradiction.
The corollary quickly follows because if the consecutive sequence of 
tetrated integers is < z↑↑n, then certainly the sum of any two in the 
sequence is also < z↑↑n.

1↑↑2 + 2↑↑2 + 3↑↑2  <  
4↑↑2  1 + 4 + 27  <  64

1↑↑2 + 2↑↑2 + 3↑↑2 + 4↑↑2 
<  5↑↑2 1 + 4 + 27 + 64  <  3125

x↑↑n + y↑↑n  ≠  z↑↑n
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Theorem

(z-1)(z-1)↑↑2    ≥    z↑↑2

log(z-1)+(z-1)log(z-1)   ≥   z log(z) 

w  ∊  ℤ ≥1,   z, n  ∊  ℤ ≥2

Inductive Step:     Assume true for the (n-1)st case, show true for the nth case,  n > 2.

log(z-1)+(z-1)↑↑(n-1) log(z-1)   ≥   z↑↑(n-1) log(z) 

[1+(z-1)↑↑(n-1)] log(z-1)   ≥   z↑↑(n-1) log(z) 

But  log(z-1) < log(z),  and by the inductive assumption

Corollary:   x↑↑n + y↑↑n  ≠  z↑↑n     x, y  ∊  ℤ ≥1   z, n  ∊  ℤ ≥2 
Obviously if 1+2↑↑n+ +(z-1)↑↑n  <  z↑↑n  ⋯ then all the 
more so is the sum of any two of those tetrated integers. ⎕

Basis:     n = 2,   prove (Proof by Contradiction)

=  1 + 2↑↑2 +  + (z-1)↑↑2   ≥   z↑↑2⋯Assume

(z-1)↑↑2 + (z-1)↑↑2 +  + (z-1)↑↑2   ≥    z↑↑2⋯Then

z log(z-1)   ≱   z log(z) But

Thus

=  1 + 2↑↑n +  + (z-1)↑↑n   ≥   z↑↑n⋯Assume

(Proof by Contradiction)

(z-1)↑↑n + (z-1)↑↑n +  + (z-1)↑↑n   ≥   z↑↑n⋯Then

(z-1)(z-1)↑↑n   ≥   z↑↑n

[1+(z-1)↑↑(n-1)]   <   z↑↑(n-1) 

Thus  log(z-1)[1+(z-1)↑↑(n-1)]   ≱   z↑↑(n-1) log(z) 

∑
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In Summary

It took 358 of mathematical advances to prove Fermat’s Last Theorem

x↑n + y↑n  ≠  z↑n     n>2

using 108 pages involving elliptic curves, modular forms, algebraic 
geometry, etc.

x↑↑n + y↑↑n  ≠  z↑↑n     n≥2

By contrast, the super exponential growth of tetrated integers allows 
for an elementary, one-page proof that:

In fact, within the resources of our computing lab, some preliminary 
computational research by Nicholas Streifling and myself indicates 
that there is no nontrivial equality among linear combinations of 
arbitrarily tetrated integers:

a1x1↑↑n1  +    +  ⋯ ak-1xk-1↑↑nk-1     ≠    akxk↑↑nk

ai ∊  ℤ         xi , ni  ∊  ℤ ≥ 2



“May you always love a theorem,
 ⎯ never fear ‘em,

 ⎯ always revere ‘em,
For when you retire,
False teeth require,

A daily dose of truth serum.”
– Irish toast for retiring mathematicians

x↑↑n  +  y↑↑n   ≠  z↑↑n 

n ≥ 2  
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