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Introduction to Nearest Points

A spy (red dot) wants to return to her embassy grounds (shaded
green) in the shortest possible path. Which direction should she
head?



The Nearest Point in the Embassy

The spy should travel along a straight path that is perpendicular to
the embassy’s wall...



The Nearest Point in the Embassy

The spy should travel along a straight path that is perpendicular to
the embassy’s wall...indeed the blue point is farther away
(hypotenuse is longer than sides of right-triangle).



Sometimes You Cannot Travel in a Straight Line

A spy (red dot) wants to return to her embassy grounds (shaded
green) in the shortest possible path along the streets (gridlines).
Which direction should she head?



How You Measure Distance Matters

Notice that in this case there are several possible points on the
embassy ground nearest to the spy given that the spy must travel
on the streets...



How You Measure Distance Matters

Notice that in this case there are several possible points on the
embassy ground nearest to the spy given that the spy must travel
on the streets...two possible shortest paths are shown.



Some Basic Questions

I When can you guarantee there is a nearest point in some
target set?

I When there is a nearest point, when can you guarantee it is
unique? Does it depend on the way distance is measured?
Does it depend on the set?

I Do either of the first two issues matter? (Embassy security to
spy: “We’ll meet you with back-up support at the gate
nearest your current position”)

I . . . or even more importantly you text your girlfriend to meet
you at the nearest McDonalds in town (only to find later there
is no McDonalds in town after your cell phone battery has
died).
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Is this relevant to Thompson and Wiggins?

I A plausible scenario 30 years from now . . .

I The code word has an error and Wiggins has lost the
decoding matrix . . .

I Thompson thinks to himself that although he never
understood why Wiggins spent his career in approximation
theory, it must have been good for something . . .

I . . . and then yells to Wiggins “Just find the word in the code
that is the best approximation to code word that has an
error.”
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An Important Distance in the Research of Thompson

I The Hamming distance between two strings of equal length is
the number of positions at which the corresponding symbols
are different. See T. M. Thompson, From Error-Correcting
Codes Through Sphere Packings to Simple Groups.

I (Quiz) Identify the following:

I Hints: The pictures include: (a) A book with a ????? rating on Amazon. (b) One of the greatest group
theorists in history. (c) The founder and a former president of the Association for Computing Machinery
whose philosophy on scientific computing appears as preface to his 1962 book on numerical methods: The
purpose of computing is insight, not numbers. (d) One of the three greatest teachers in the history of
WWU and author of the pictured monograph.
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Notions of Distance in the Research of Wiggins

I Another of the three† greatest teachers in the history of WWU
has research encompasing infinitely many notions of distance.

I The distance between two functions f and g in the p-norm

‖f − g‖p =

(∫ b

a
|f (t)− g(t)|p dt

)1/p

is used in Kenneth L. Wiggins, Best Lp Approximate Solutions
of Nonlinear Integrodifferential Equations, Journal of
Approximation Theory 26, 329–339 (1979).

I In this paper, convergence results are shown to be valid for all
1 < p <∞, so technically, the paper contains uncountably
many theorems.

†Although, today it would be appropriate to say two, it is best to leave open the possibility that every
other WWU faculty member past or present may consider themselves the third member of the set.
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A Snapshot of the Paper



The Importance of Nearest Points

One can imagine that perhaps Dr. Wiggins is explaining to an
unnamed graduate on June 9, 1985 that approximation theory,
especially finding “best approximations” (nearest points) is so
important that they will soon have to build a 3rd floor on
Kretschmar Hall to house the mathematics department . . .



So Far . . .

I Hopefully we have managed to illustrate that “Nearest Point
Problems” should be of at least some interest to two†,∗ people
associated with this conference . . .

I . . . As we go on to describe the Chebyshev set problem,
mathematics and sciences students should be aware that
things like Fourier Series and Least Squares Lines can be
represented as nearest point problems as described next in the
more formal setting.

Notes to speaker: † Wake up Drs. Thompson and Wiggins at this point so they can concur with statement.
∗ But first make sure they haven’t slipped out for the opening of the latest Star Trek
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Banach Spaces

A normed linear space X is a real or complex vector space
equipped with a norm ‖ · ‖ that has the following properties.

‖x‖ ≥ 0 for all x ∈ X and ‖x‖ = 0 if and only if x = 0.

‖kx‖ = |k |‖x‖ for all scalars k , and all x ∈ X .

‖x + y‖ ≤ ‖x‖+ ‖y‖ for all x , y ∈ X .

A Banach space is a complete normed linear space.

One can think of R2 as a model for Banach spaces where

x = (x1, x2) represents a vector and ‖x‖ =
√

x2
1 + x2

2

represents the length of a vector.
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Distance

Given a normed linear space X with norm ‖ · ‖, the distance
between u, v ∈ X is given by ‖u − v‖.

Hence for the familiar Euclidean space R2, given u = (u1, u2)
and v = (v1, v2) in R2, the distance between these points is

‖u − v‖ =
√

(u1 − v1)2 + (u2 − v2)2

Example:
Let u = (−3,−2) and v = (1, 3).
The distance between u and v is√

(−3− 1)2 + (−2− 3)2 =
√

41
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Examples of Norms on Rn

I For u = (u1, u2, . . . , un) ∈ Rn, the Euclidean norm ‖ · ‖2 is
defined by

‖u‖2 =
√
u2

1 + u2
2 + . . .+ u2

n =

√√√√ n∑
i=1

u2
i

and this norm induces the familiar distance in R2 and R3.

I For u = (u1, u2, . . . , un) ∈ Rn, the `1-norm ‖ · ‖1 is defined by

‖u‖1 = |u1|+ |u2|+ . . .+ |un| =
n∑

i=1

|ui |

and this norm induces a distance that is sometimes informally
referred to as the taxicab metric.
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Nearest Points

I Given a nonempty set S and any point v in a normed linear
space X , we will say s0 ∈ S is a nearest point in S to v if

‖v − s0‖ ≤ ‖v − s‖ for all s ∈ S .

I Let S = {(x , y) ∈ R2 : y ≥ x + 8} and let v = (0, 0). Then
(−4, 4) is the nearest point in S to v (under Euclidean norm).
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Nearest Points in `1-norm

I Let S = {(x , y) ∈ R2 : y ≥ x + 8} and let v = (0, 0). Find
nearest points in S to v (under `1-norm).
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Nearest Points in `1-norm

Let S = {(x , y) ∈ R2 : y ≥ x + 8} and let v = (0, 0). Find
nearest points in S to v (under `1-norm).

Note that all points
on line y = x + 8
for −8 ≤ x ≤ 0
are nearest points in
S to v (dist. of 8)



Fundamental Difference in Norms

I What is the crucial difference between the `1-norm and
Euclidean-norm that allowed the set S to have nonunique
nearest points with respect to the `1-norm?

I Essentially it was that the unit ball with respect to the
`1-norm has flat spots on its boundary, but unit ball with
respect to the Euclidean norm does not.
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Strictly Convex Norms

I A norm on a Banach space X is said to be strictly convex if∥∥ x+y
2

∥∥ < r whenever x , y ∈ X satisfy ‖x‖ = ‖y‖ = r , x 6= y
where r > 0.

I The Euclidean norm on Rn is strictly convex, but the `1-norm
is not as illustrated below with their unit balls.
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Convex Sets

I A set S in a Banach space is said to be convex if
λu + (1− λ)v ∈ S whenever u, v ∈ S and 0 ≤ λ ≤ 1. That is,
for any two points in the set S , the line segment joining those
two points must lie entirely in S . (We’ve already seen a bunch
of convex sets!)

I A convex and a nonconvex set in R2 are illustrated below.
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Chebyshev Sets

A nonempty set S in a Banach space X is called a Chebyshev
set if for each u ∈ X there is exactly one nearest point in S to
u. (That is for a Chebyshev set, nearest points always exist,
and they are unique).

Can you think of a point and set in the Euclidean space R2 for
which the point has infinitely many nearest points in the set?
Hint: you can let the point be (0, 0) . . .
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Chebyshev Sets

A nonempty set S in a normed linear space X is called a
Chebyshev set if for each u ∈ X there is exactly one nearest
point in S to u. (That is for a Chebyshev set, nearest points
always exist, and they are unique).

Can you think of a point and set in the Euclidean space R2 for
which the point has infinitely many nearest points in the set?
All points of distance 1 from (0, 0) are the nearest points.



Characterization of Chebyshev Sets

Theorem. A nonempty set in the Euclidean space Rn is
Chebyshev if and only if it is closed and convex.

The most subtle part of the proof is showing a Chebyshev set
must be convex. Here is one illustration of what might go
wrong if the set is not convex.
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Chebyshev Sets Must be Closed

If a set is not closed, it does not contain all of its boundary
points. Then any boundary point of the set that is not in the
set has no nearest point. Why?
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A Closed Set has Nearest Points

I Let S be a closed set in Rn, and let u ∈ Rn. Then some
closed ball of finite radius will intersect S . This intersection
will be a closed and bounded set.

I According to the Extreme Value Theorem (from multivariable
calculus) the distance function d defined by d(x) = ‖x − u‖
will attain its minimum on this intersection, because distance
functions are continuous.

I Any such point where the minimum of d is attained is a
nearest point in S to u.
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Separable Hilbert Space

I `2 =
{
x := (x1, x2, x3, . . .) :

∑∞
k=1 x

2
k <∞

}
endowed with

the norm ‖x‖ =
(∑∞

k=1 |xk |2
)1/2

. Any separable Hilbert space
is isometric to `2.

I Hence the n-th partial sum of a Fourier Series can be viewed
as a nearest point problem in `2 . . . (just as least squares
problems are viewed as such in the Euclidean space Rn).

I It is the separable Hilbert space, `2, that is the natural
infinite-dimensional analog the Euclidean space Rn.
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The Chebyshev Set Problem

I The usual norm on `2 is strictly convex and bounded closed
convex sets in `2 are weakly compact, so every closed convex
set in `2 is a Chebyshev set.

I In a 1961 Math. Annalen paper, Victor Klee asked whether
every Chebyshev set in an infinite dimensional Hilbert space
(e.g. `2) must be convex?

I In his book Best Approximation in Inner Product Spaces,
Springer 2001, on p. 301, Frank Deutsch says the question
whether every Chebyshev subset of an infinite-dimensional
Hilbert space is convex is “perhaps the major unsolved
problem in (abstract) approximation theory today.”



The Chebyshev Set Problem

I The usual norm on `2 is strictly convex and bounded closed
convex sets in `2 are weakly compact, so every closed convex
set in `2 is a Chebyshev set.

I In a 1961 Math. Annalen paper, Victor Klee asked whether
every Chebyshev set in an infinite dimensional Hilbert space
(e.g. `2) must be convex?

I In his book Best Approximation in Inner Product Spaces,
Springer 2001, on p. 301, Frank Deutsch says the question
whether every Chebyshev subset of an infinite-dimensional
Hilbert space is convex is “perhaps the major unsolved
problem in (abstract) approximation theory today.”



The Chebyshev Set Problem

I The usual norm on `2 is strictly convex and bounded closed
convex sets in `2 are weakly compact, so every closed convex
set in `2 is a Chebyshev set.

I In a 1961 Math. Annalen paper, Victor Klee asked whether
every Chebyshev set in an infinite dimensional Hilbert space
(e.g. `2) must be convex?

I In his book Best Approximation in Inner Product Spaces,
Springer 2001, on p. 301, Frank Deutsch says the question
whether every Chebyshev subset of an infinite-dimensional
Hilbert space is convex is “perhaps the major unsolved
problem in (abstract) approximation theory today.”



Some Notes on The Chebyshev Set Problem

I It is known that if C is a weakly closed Chebyshev set in a
Hilbert space (or more generally reflexive Banach space whose
norm is Kadec-Klee and whose dual norm is strictly convex),
then C is convex.

I A recent survey of the problem with outlines of proofs the
result as stated above and for Euclidean spaces can be found
in Jon Borwein’s paper: Proximality and Chebyshev sets,
Optimization Letters (2007).

I A construction of a nonconvex Chebyshev sets in incomplete
inner product space was devised by G. Johnson in J. Approx.
Theory (1987), the proof was corrected by M. Jiang in J.
Approx. Theory (1993).
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To New Adventures and New Beginnings

Ken and Tom’s adventures,
much like Escher’s drawings

“Range from the excellent
to the merely very good.”

Just when you think the illusion
is finished . . .
. . . it starts over at the beginning.

Ken and Tom, may your next
adventure be your favorite.



Thank You

With appreciation to Ken and Tom, and to a wonderful group of
mathematics professors.
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